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What is Operations ResearcR

Operations research is a scientific approach to the decisions that are
made during the operation of organized systems. In other words, operations
research is usedn issues related to the guidance and coordination of
operations and various activities. Opdéions research is used in a variety of
fields such as economics, trade, industry, government, health, ssman
Operations research examines issues with a systematic approach and tries to
resolve the conflict of resources between different parts of agamization in
such a way that the best result or the optimal answer is created for the whole

organization

Operations research includes various sections, of which mathematical
linear programming is one of the most important. In linear programming, a
mathematical model is used to explain the problem. The word linear means
that all mathematical relations of this model must necessarily be linear. The
birth of linear programming dates back 1847, when George Dantzig invented
the simplex method for solving geral linear programming problems for the
optimal programming computation project. The invention was so influential in
management science that it led George Dantzig to the Nobel Prize but never

won it)

Formulating the problemin the form of linear programming

We continue this section by formulating a small example of linear

programming. This example is simple enough that it can be studied graphically.

Example:A door and window manufacturing company has thpants
plant1 produces aluminum frames and metal partsplant 2, wooden frames
are produceg¢land inplant 3, the glass is cut and mounted on the frames. The

manager of theseworkshopsis lookng to produce two new products. He/she
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has asked the operations researclnter to increase the production of each
product according to the capacity of th@ants Product 1 is a door with an
aluminum frame and product 2 is glass windows with a wooden frame. Due to
the fact that both products requirglant 3 for welding, the apacity of this
plant will lead thecompetition between these two products. The table below

showsall data you need.

Production time per batch, Hours

Production time
available per
plant week, Hours

product

4

0 12

3 3 2 18

Profit per batch,$ 3000 5000

Xx; and x, represent the number of productsd and 2 per hours
respectively, and z represents the profit from sales lpauar. In the opeations
research literaturex; and x, are called decision variables and z is called an

objective function

To produce each unit gfroduct 1, 1 unit of plant1 is used, which has

n units of capacity for the new product per hour of plantThisconstraint is
displayed algebraicallydn ® { A YA f K, MIindit 2FKMNJ A& Wi |j d
Product2. plant3 capacity is used by both products, which limitg 82xXXmy &

Because products cannot be negative, the decision variables araegative,
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and its mathematical representation isp, ). The mathematical

representation of the linear programming model is summarized as follows.

Max Z =3x 65X,

s.t.

X, ¢4
2x, ¢ 12

3x,+2x, ¢18

X, 2 0,x, 20.

Because this linear programming model consists of only two variables x
and %, agraphicmethod can be used to soltke linear programThis method
requires drawing a shape with axesand %. Each constraint covers a part of
the two-dimensional axis, which createsfeasible region from sharinthese

constraints. We are looking fdhe point that creates the maximum value of

the objective function,z. To draw thdeasible regionwe add the constraints

one by one as follows
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-

N\

X,

3x,+2x, <18

Note: To addthe constraint 3x,+2%<=18 to the feasible regionit is
enough to draw theequation 3x,+2%=18 first. Given that the point othe

origin &1=0,>§:0) holds in theconstraint the space below the line @quation

shows the3x+2%<=18 The only remaining step is to firtie point that

maximizes the value in the area.

Quppose that Z=10f this value is within théeasible regionthis value can
be increased. Otherwise it must loecreased to be in the feasible regidBy
increasing the value by 10 to 20¢ line would be still in the feasible regiolm
this way, by increasing the comsit valug¢C)of the line C=3x+5%, a set of
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particular parallel liness drawn, and finally the line that has the greatest
distancewith the originis selected. As shown in the figure below, point (2,6)
crosses the lineBx+5%=36 and this point X;=2,%=6) generates the most
revenue for the workshop. Therefore, by producing 2 units of product 1 and 6

units of product 2, the most revenue (36) per minute is generated.

Optimal solution

Mathematical representation of linear model

In this section, the problem of door and window manufacturing company
can be generalized. In thisroblem, there are 3plants or resources with
limited capacity that two products should use three resources according to

their needs.

In the general formsupposethat we want to assignrm sources to n
competing products. Assume thatis the amount of produc} and Z are the

measure of efficiencyant to be maximizeAlso assume thag is the change

6
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of Zis due to each unit of increase, b; is the amount of soucei, and g; is
the amount of sourcei consumed by the producf. A summary of the
information is given in the table belgw

Product Consumption of resources per unit of product Available value of

Source 1 2 . e . sources

1 a, a, ot b]

m

The amount of change in Z
per unit increase in product

Production amount of the
product

According to the table above, the general form resource allocation
problemcan be expressed in mathemati¢atm as follows.

Max Z=gx +GX% -+ g
s.t.
X, +apX, . &%, I
a21Xl+a22X2 t.. aﬁ] )% @

amlxl+amZX2 t. Q‘nnxn hl%

X;2 0,x, 20,--,x, ®.

n

Theabovestandard model is called thenear programming problem

Terms of linear programming model

For simplicity in expressing problems in linear programming, common
words are defined as follows.
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Objective function Refers tothe function cx+GXo+...+6X, that is

intended to find the maximum

Functional constraint refers to a function that indicates the total

consumption of each resource for all products.

Non-negativity constraint Refers tog>=0X; 2 0.

Constraint Refers to the set of functional constraints aNdn-negativity.

Decision variable Refers to the variable; that indicate the amount of

each product.

Parameter Refers to datay,b,Ga b ¢, |

Note: The standard model may differ from linear programming models in
reality. Other forms of linear programming problem that can be converted to

standard form are as follows:
V Instead of maximizingMax), minimizing (Min) may be considered.
V Some functional constraints may be greater than eQupl
311X1+azxz t. % )S tj
V Some functional constraints may be equal:
311X1+azxz t. % )S b
Some variables may be only negative either negative orpositive

(unrestricted in sign).

Term of linear program solution

Solution: Refers to any set of values assigned to decision

variablegx;,%,...,%). For example, in the previous example, points X&A8d
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(5,5) are the answers of the linear programming model, and it does not matter

if they are inside or outside thieasible regioi

(2,3) is the solution.

(5,5) is the solution.

N

5 6

Feasible solution Refers to thesolution that applies to all constraints

(functional and nomegative). For example, in the figure above, point (2,3) is a

feasiblesolutionandsolution(5,5) is annfeasible solution.

(2,3) is the feasible
solution.

N

(5,5) is the

7
7

infeasible solution.
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Optimal solutiort A feasible solutiorfor which the value of the objective
function is the most desirable. The following figure shows the optsuhltion

to the previous example.

Optimal solution

There are four possibilities for the optimsdlutiorb

1- Unique optimal solution In this case, the optimal Bdion is only one

point of feasible region (similar to the figure aboye)

2- Multiple (alternative) optimal solution: Often the linear programming
problem has a single solution. But this is not necessarily the case. In the
previous example, if the profitality of product 2 decreases from 5 to 2 units,

then the line of theobjectivefunction will be parallel to the linéx, +2x, =18,

and therefore all points on the line between points (2,6) and (4,3) are the

optimal solution)
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3x,+2x, =18

Optimal solution

3-Unboundsolution: Thissolutionoccurs when the constraints can not

prevent the infinite increase of the objective functiaf) (n the desired

direction. In the previous example, if both constrai@ig<=12 and
3x+2%<=18are omitted, the possible space becomesfallowswherethe

value of the objective function can be increased infiniely
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4- Infeasible solution In this case, the problem has feasible solution or
the feasible region is emptyn the previous examplef the constraint2x,<=12
changesto 2x%>=12 and the constraintx;<=4 change to x;>=4 the feasible

regionis emptyand the problermhas no solutioh

5- Degeneracy

In a twovariable problem, if there is a corner point of the intersection of

more than twoconstraints, it is a degeneragroblem (this problem can be

used for n-variable problems). To clarify the issue, consider the following
examplé

Example:Consider this problet
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Max Z =3x, 89X,
S.t.
X, +4x, @B
X, +2x, ¢*4
X, X,20

Its graphical representation is as follows

Xs

In this problem, it can be seen that at poif three corner points have

coincided The points are:

1) The point resulting frmm the intersection of the constraints

corresponding to the firstonstraintwith the x, axis

2) The point resulting from the intersection ofhe constriants

corresponding to the seconmbnstraintwith the x, axis

3)The point resulting from the intersection othe constraints
correspondingo both constraints

Later, it is said that in the simplex method, each iteration actually

represents the characteristiad a corner point, and since several corner points
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coincide indegeneracy we may encounter a situation where in successive

iterations on these points.

Classification of linear programming

In the previous parts, special cases of linear programming problesns
stated. In a general classification, the types of possible situations for the

optimal solution of linear programming are as follows.

Possible cases for linear programming
problems

With a feasible Wltt.\out a fea5|.ble
X solution (no optimal
solution N
solution and empty
| feasible region)
I |

Bounded optimal Unbounded
solution optimal solution

Unique optimal Multiple optimal
solution solution

The types of possibleasesthat can occur in thefeasibleregion of a

bivariate linear programming model are shown in the figure below
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Possible cases in the feasible
region

Program with Program without feasible
feasible region region

]
| |
Bounded feasible Unbounded
region feasible region

Surface region Line region Point region

™

Classification of constraints in linear programming

According to the effect of the constraint on the formation of the feasible
region and how the optimal solution is found dmem, the constraintscan be

classified into two groups

Effective constraints

There areconstraintsthat are effective in forming théeasbilearea, and
adding any new effective limitation to the model causes a decrease in the
justified area, and removinthe effective restriction causes an increase in the

justified areg

Redundant constraints

There are restrictions that do not affect the creation of fleasbilearea,

and their presence or absence does not changeféasbileareg)

Example Consider thiproblem)
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Max Z =6x, 42X,

s.t. X, +2x, €10
2X,- 5x, ¢20
X, +x, @5
X, X,20

The graphical representation of this problem is as follows.

Note that only the first constraint and the neregativity constraints are

involved in forming thdeasbileregion. The second and third constraints have

no role in creating thedeasibleregion and determining the optimal solution.

These two restrictions anedunfantconstriants

Example An area consists of three farmmgth two limitations, land and
water, that limit the possibilities of planting these farms. Information on the
water alocationandusableland of the three farms is given in the table bejow




